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They are sometimes generalized Kac]Moody algebras. In some special cases we
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1. INTRODUCTION
w xVertex algebras were introduced in mathematics by Borcherds 1 in
1986. However, the notion of vertex operators has been known to physi-
cists much earlier. An important application of vertex algebras is that they
give realizations of generalized Kac]Moody algebras and provide means of
w xtheir detailed study 2]4 . Borcherds has shown that the quotient space
``P rDP '' of a vertex algebra with Virasoro element forms a Lie algebra.1 0
It turns out that quotients of these Lie algebras are sometimes generalized
Kac]Moody algebras. The multiplicities of their root spaces can be calcu-
lated with methods from string theory. P rDP can be interpreted as the1 0
Lie algebra of physical states of a bosonic string.
In this paper we show that the quotient space ``G P rDP '' of ay1r2 1r2 0
vertex superalgebra V with a Neveu]Schwarz element is a Lie algebra. It
can be interpreted as the Lie algebra of physical states of the
Neveu]Schwarz superstring. If V is constructed from a lattice there is a
natural bilinear form on this Lie algebra. In the case that the lattice has
Lorentzian signature the quotient of G P rDP by the kernel of thisy1r2 1r2 0
bilinear form is a generalized Kac]Moody algebra. The roots of this Lie
w xalgebra can be described easily. Moreover the ``no-ghost theorem'' 12
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gives us the multiplicities if the rank of the lattice is smaller or equal to 10.
The paper is organized as follows. In Section 2 we recall the facts about
vertex superalgebras we need later on and prove some new results. In
particular we construct some quotient spaces of vertex superalgebras
which are Lie algebras and study in detail invariant forms. In Section 3 we
define the vertex algebra of the compactified Neveu]Schwarz superstring
and study the Lie algebra G P rDP .y1r2 1r2 0
2. VERTEX SUPERALGEBRAS
In this section we recall some basic facts about vertex superalgebras and
prove some new results. In particular we will show that a certain quotient
space in a vertex superalgebra with a Neveu]Schwarz element forms a Lie
algebra. Furthermore we study invariant forms on vertex superalgebras.
For an introduction into vertex algebras and vertex superalgebras con-
w xsider 9, 10, 15 . Proofs which are not given here can be found there.
2.1. Definition and Some Properties
In the following we will work over the real numbers.
< <In a Z -graded vector space V s V [ V we put ¨ s 0 if ¨ g V and2 0 1 0
< <¨ s 1 if ¨ g V . Elements in V or V are called homogeneous. When-1 0 1
< <ever ¨ is written, it is to be understood that ¨ is homogeneous.
A vertex superalgebra is a Z -graded vector space V s V [ V equipped2 0 1
with an infinite number of products, written as u ¨ for u, ¨ g V, n g Z,n
satisfying the following axioms
 . < < < < < <1 The products respect the grading, i.e., u ¨ s u q ¨ .n
 .2 u ¨ s 0 for n sufficiently large.n
 .3 There is an element 1 g V , called vacuum, such that ¨ 1 s 00 n
for n G 0 and ¨ 1 s ¨ .y1
 .4 The Jacobi identity
m u ¨ w . lqk mqnyk /k0Fk
< < < <k ll u ¨s y1 u ¨ w y y1 y1 ¨ u w .  .  .  .  . 5 mq lyk nqk nqlyk mqk /k0Fk
holds for all integers l, m and n.
u can be considered as an endomorphism of V mapping ¨ into u ¨ . Thisn n
 .gives another approach to vertex superalgebras by vertex operators Y u, z
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s u zyny1 which are formal Laurent series in z with coefficients inn
 .End V . We will use both notations.
 w x.A vertex algebra cf. 2 is a vertex superalgebra with trivial odd part V .1
With l s 0 the Jacobi identity yields the commutator formula
mw xu , ¨ s u ¨ , 2.1 .  .m n k. mqnyk /k0Fk
w x  . < u < <¨ <where u , ¨ s u ¨ y y1 ¨ u and with m s 0 the associativitym n . m n n m
formula
< < < <k ll u ¨u ¨ s y1 u ¨ y y1 y1 ¨ u . 2.2 .  .  .  .  . 5l lyk nqk nqlyk kn  /k0Fk
We define a linear operator D on V by D¨ s ¨ 1. Note that D preservesy2
the spaces V and V . The following proposition summarizes some proper-0 1
ties of the products and the operator D.
PROPOSITION 2.1. Let V be a ¨ertex superalgebra. Then for u, ¨ g V and
n g Z
1 ¨ s d ¨ 2.3 .n nq1, 0
D¨ s yn¨ 2.4 .  .n ny1
D u ¨ s Du ¨ q u D¨ 2.5 .  .  .  .nn n
and for homogeneous u and ¨
Dk< < < < < < < <nq1 nq1 ku ¨ u ¨u ¨ y y1 y1 ¨ u s y1 y1 y1 ¨ u . .  .  .  .  .  .n n nqkk!1Fk
2.6 .
 .Equation 2.5 means that D is for each product an even derivation. It
 .  .  .  .  .implies D 1 s D 1 1 s 1 D1 q D1 1 s 2 D 1 s 0. In terms ofy1 y1 y1
 .  .vertex operators Eqs. 2.4 to 2.6 can be written
d
Y D¨ , z s Y ¨ , z 2.7 .  .  .
dz
D , Y ¨ , z s Y D¨ , z 2.8 .  .  .
< < < <u ¨ z DY u , z ¨ s y1 e Y ¨ , yz u. 2.9 .  .  .  .
An ideal of a vertex superalgebra V is a D-invariant subspace J such that
J s J [ J where J s J l V and ¨ J ; J for all ¨ g V. V is called0 1 i i n
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simple if it contains only trivial ideals. A homomorphism of V is a linear
 .  .  .parity preserving map c : V ª V with c u ¨ s c u c ¨ . We haven n
PROPOSITION 2.2. Let V be a simple ¨ertex superalgebra and ¨ / 0 an
element in V such that D¨ s 0. Then ¨ s l1 for some l g R.0
 w x.Proof. The map ¨ : V ª V is a homomorphism of V cf. 13 .y1
 .Equation 2.4 implies ¨ s 0 for all n / y1. Then by the commutatorn
 .  .  .formula 2.1 , ¨ commutes with all u . Since ¨ ¨ s ¨ 1 ¨ 1 sy1 n y1 y1 y1 y1
 .¨ 1 1 s ¨ the map ¨ has an eigenvalue. The proposition nowy1 y1 y1
follows from Schur's Lemma.
 .Equation 2.6 shows that the products are not symmetric on V. But we
have
PROPOSITION 2.3. Let V be a ¨ertex superalgebra. Then VrDV is a Lie
w xsuperalgebra under u, ¨ s u ¨, u, ¨ g V with e¨en part V rDV and odd0 0 0
part V rDV .1 1
Proof. From DV ; V , i s 0, 1 it follows DV l V s DV , i s 0, 1, andi i i i
VrDV s V rDV [ V rDV .0 0 1 1
 .  .  .  .  .From Eqs. 2.4 and 2.5 we get Du s 0 and u D¨ s D u ¨ for all0 0 0
 .u, ¨ g V so that the product is well-defined. Equation 2.6 gives
Dk< < < < < < < < ku ¨ u ¨u ¨ q y1 ¨ u s y y1 y1 ¨ u .  .  .  .0 0 kk!1Fk
proving the graded skew-symmetry of the product. The graded Jacobi
identity follows from the Jacobi identity on V by taking l s m s n s 0.
The same equation shows that V is a VrDV-module under the action
u.¨ s u ¨ , u g VrDV, ¨ g V. The natural projection V ª VrDV is a0
homomorphism of VrDV-modules.
PROPOSITION 2.4. Let V s V [ V and W s W [ W be ¨ertex super-0 1 0 1
algebras. Then
< < < <b ca m b c m d s y1 a c m b d , 2.10 .  .  .  .  .  .n k nyky1
kgZ
where a, c g V and b, d g W, defines the structure of a ¨ertex superalgebra on
V m W. The e¨en part is V m W [ V m W and the odd part V m W [0 0 1 1 0 1
V m W . The identity is gi¨ en by 1 m 1. If V and W are simple so is V m W.1 0
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 .An equivalent formulation of 2.10 is
< < < <b ?Y a m b , z s Y a, z m Y b , z y1 , 2.11 .  .  .  .  .
 . < b < < c <  .  . yny1since y1  a c m b d is the coefficient of z ink g Z k nyky1
 .  . < b < < c <  .Y a, z c m y1 Y b, z d.
2.2. Virasoro Elements
Let V s V [ V be a vertex superalgebra. An element v g V is0 1 0
called a Virasoro element of central charge c g R if
 .1 The operators L s v give a representation of the Virasorom mq1
algebra
m3 y m
w xL , L s m y n L q d c. .m n mqn mqn , 0 12
 .2 V and V can be decomposed into eigenspaces of L0 1 0
V s V and V s V ,[ [0 n 1 n
1ngZ ngZq 2
 < 4where V s ¨ g V L ¨ s n¨ .n 0
 .3 D s L .y1
Let V be a vertex superalgebra with Virasoro element v. The operators
L , L , and L give a representation of the Lie algebra sl R. If ¨ g Vy1 0 1 2 n
then L ¨ g V and L ¨ g V . An element ¨ g V is called quasipri-1 ny1 y1 nq1
mary if L ¨ s 0. The commutator relation of the L implies1 n
v v s v v 1 .n n y1
w xs v , v 1 q v v 1 .n y1 y1 n
c
s n q 1 v 1 q d 1 q v v 1 , 2.12 .  .  .ny2 n , 3 y1 n2
so that L v s v v s 2v and v g V ; V and L v s v v s 0, i.e., v0 1 2 0 1 2
 .is quasiprimary. From the commutator formula 2.1 and v s L wem my1
get
mw xL , ¨ s L ¨ for all ¨ g V . 2.13 .  .my 1 n ky1 mqnyk /k
kG0
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 . w x  .Equation 2.4 gives L , ¨ s y n q 1 ¨ q p¨ for ¨ g V . It follows0 n n n p
V V ; V . 2.14 . .  .p q pqqyny1n
1 < 4  .Let P s ¨ g V L ¨ s n¨ , L ¨ s 0 for all m ) 0 for n g Z. By 2.4n 0 m 2
w xL , ¨ s k y 1 m q 1 y n ¨ for all ¨ g P . 2.15 4 .  .  .m n mqn k
The representation of the Virasoro algebra on V allows us to construct a
subalgebra of VrDV.
PROPOSITION 2.5. Let V be a ¨ertex superalgebra with Virasoro element.
Then P rDP is a Lie algebra.1 0
w x  .Proof. Let u, ¨ g P and n G 0. Then L , u s 0 by 2.15 and1 n 0
 .  .L u ¨ s u L ¨ s d u ¨ by definition of P . This shows thatn 0 0 n n, 0 0 1
 .  . P P ; P . Next we prove DV l P s DP . From L L ¨ s n q1 0 1 1 0 1 0 n y1
.1 L ¨ q L L ¨ for all ¨ g V and n g Z we get DP ; P . Converselyny1 y1 n 0 1
let ¨ g V such that D¨ g P . Then L L ¨ s 0 for n G 1 and L ¨ s0 1 n y1 ny1
  ..y 1r n q 1 L L ¨ for n G 1. There is an integer k such that L ¨ s 0y1 n m
for all m G k. It follows L ¨ s 0 for all m G 0, so that ¨ g P .m 0
Note that P rDP is not a proper Lie superalgebra since P is a1 0 1
subspace of V . In bosonic string theory P denotes the space of physical0 1
states, so that we will call P rDP the Lie algebra of bosonic states.1 0
PROPOSITION 2.6. Let V and W be ¨ertex superalgebras with Virasoro
elements v resp. v of central charge c resp. d. Then V m W is a ¨ertexV W
superalgebra with Virasoro element v m 1 q 1 m v of central chargeV W
c q d.
2.3. Ne¨eu]Schwarz Elements
Let V s V [ V be a vertex superalgebra. An element t g V is called0 1
a Neveu]Schwarz element of central charge c g R if
1 .1 v s t t is a Virasoro element of central charge c.02
 .2 The operators L s v and G s t form a Neveu]n nq1 r rq1r2
Schwarz superalgebra
m3 y m
w xL , L s m y n L q d c .m n mqn mqn , 0 12
1w xL , G s m y r G .m r mqr2
1 12w xG , G s 2 L q r y d c. .r s rqs rqs , 03 4q
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Let V be a vertex superalgebra with Neveu]Schwarz element t . The
 .1operators L , L , and G form the Lie superalgebra osp 1, 2 . From0 "1 " 2
the commutator relations of the L and G we getn r
w xv t s v , t 1 q t v 1 .n n y1 y1 n
n
s q 1 t 1 q t v 1 .ny2 y1 n /2
3so that L t s t and L t s 0, i.e., t is quasiprimary. Furthermore0 12
w xt t s t , t 1 y t t 1 .n n y1 y1 nq
c
2s 2v 1 q n y n d 1 y t t 1 . .  .ny1 n , 2 y1 n3
As above we find
m
1G , ¨ s G ¨ 2.16 . .my n ky1r2 mqnyk /2 . k0Fk
< < < < w xwith y for ¨ s 0 and q for ¨ s 1. For m s 0 we get G , ¨ sy1r2 n .
 .G ¨ or in terms of vertex operatorsy1r2 n
G , Y ¨ , z s Y G ¨ , z . 2.17 .  . .y1r2 y1r2.
 < 4Define P s ¨ g V L V s n¨ , L ¨ s G ¨ s 0 for all m, r ) 0 for nn 0 m r
1  <g Z. As a consequence of the Neveu]Schwarz algebra P s ¨ g V L ¨n 02
4s n¨ , G ¨ s G ¨ s 0 . The following lemma describes the analogue1r2 3r2
 .of 2.15 .
LEMMA 2.7. Let V be a ¨ertex superalgebra with Ne¨eu]Schwarz element.
Then
G , G ¨ s 2mk y m q n ¨ 2.18 4 .  . .my 1r2 y1r2 mqny1n .
for ¨ g P with y for k g Z and q for k g Z q 1r2.k
Proof. Let ¨ g P . Then G G ¨ s 2 L ¨ y G G ¨ s 2k¨k 1r2 y1r2 0 y1r2 1r2
and G G ¨ s 2 L ¨ y G G ¨ s 0 for r ) 1r2, so thatr y1r2 ry1r2 y1r2 r
G , G ¨ .my 1r2 y1r2 n .
ms G G ¨ . ky1r2 y1r2 mqnyk /k
kG0
s G G ¨ q m G G ¨ .  .y1r2 y1r2 1r2 y1r2mqn mqny1
s L ¨ q 2mk¨ .y1 mqny1mqn
s D¨ q m q n ¨ q 2mk y m q n ¨ 4 .  .  .mq n mqny1 mqny1
s 2mk y m q n ¨ . 4 . mq ny1
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We now construct a subalgebra of P rDP with the help of the1 0
Neveu]Schwarz algebra.
PROPOSITION 2.8. Let V be a ¨ertex superalgebra with Ne¨eu]Schwarz
element. Then G P rDP is a Lie algebra.y1r2 1r2 0
Proof. Let u, ¨ g P . Then1r2
G u G ¨ s G , u G ¨ .  .y1r2 y1r2 y1r2 0 y1r20 q
s G u G ¨ q u G G ¨ .  .y1r2 0 y1r2 0 y1r2 y1r2
s G u G ¨ q u L ¨ .y1r2 0 y1r2 0 y1
s G u G ¨ q L u ¨ .y1r2 0 y1r2 y1 0
s G u G ¨ q G u ¨ .y1r2 0 y1r2 y1r2 0
s G G , u ¨ .y1r2 y1r2 0 q
s G G u ¨ , . .y1r2 y1r2 0
w x  .  . w xsince u , L s 0 by 2.15 . From L G u s L , G u q0 y1 0 y1r2 0 y1r2
 .G L u s G u follows G u ¨ g V s V . Now byy1r2 0 y1r2 y1r2 0 1q1r2y1 1r2
 .  .  . .Lemma 2.7 , G anticommutes with G u , so that G G u ¨ sr y1r2 0 r y1r2 0
 .  .  .y G u G ¨ s 0 for all r ) 0. Hence G u ¨ is in Py1r2 0 r y1r2 0 1r2
 .  .  .and G P G P ; G P . Let ¨ g P . Theny1r2 1r2 0 y1r2 1r2 y1r2 1r2 1r2
L G ¨ s G ¨ .0 y1r2 y1r2
and
L G ¨ s L , G ¨ q G L ¨ .n y1r2 n y1r2 y1r2 n
1s n q 1 G ¨ q G L ¨ s 0 . Ny1r2 y1r2 n2
for n ) 0 show that
G P ; P . 2.19 .y1r2 1r2 1
It remains to show that DP l G P s DP . Let ¨ g P . Then0 y1r2 1r2 0 0
1w xL G ¨ s L , G ¨ q G L ¨ s G ¨ and G G ¨ s0 y1r2 0 y1r2 y1r2 0 y1r2 r y1r22
2 L ¨ y G G ¨ s 0 for r ) 0, so that G P ; P . Since P isry1r2 y1r2 r y1r2 0 1r2 0
a subspace of P we have0
G P ; P l G P . .y1r2 0 1r2 y1r2 0
Applying G to both sides givesy1r2
G G P ; G P l G P .y1r2 y1r2 0 y1r2 1r2 y1r2 0
; G P l G G P . .y1r2 1r2 y1r2 y1r2 0
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2  .D s G implies DP ; G P l DP . Now let u g P such thaty1r2 0 y1r2 1r2 0 0
there is a ¨ g P with Du s G ¨ . Then G Du s G G ¨ s1r2 y1r2 r r y1r2
1 1w x  .yG G ¨ q 2 L ¨ s 0 for r ) . From D, G s y y r Gy1r2 r ry1r2 r ry12 2
1  ..for all r, we get G u s y 1r r q 1r2 DG u for all r ) . Since therery1 r 2
is an s such that G u s 0 for all r ) s, this formula implies G u s 0 forr r
 .r ) 0. Hence u g P and DP l G P ; DP .0 0 y1r2 1r2 0
P can be interpreted as the space of physical states of the1r2
Neveu]Schwarz superstring. We will call G P rDP the Lie algebray1r2 1r2 0
of Neveu]Schwarz states. Note that G is injective on P for ify1r2 1r2
w x¨ g P such that G ¨ s 0 then 0 s G G ¨ s G , G ¨1r2 y1r2 1r2 y1r2 1r2 y1r2 q
s 2 L ¨ s ¨ .0
 .The following analogue of Proposition 2.6 is easy to prove.
PROPOSITION 2.9. Let V and W be ¨ertex superalgebras with Ne¨eu]
Schwarz elements t resp. t of central charge c resp. d. Then V m W is aV W
¨ertex superalgebra with Ne¨eu]Schwarz element t m 1 q 1 m t of centralV W
charge c q d.
2.4. In¨ariant Bilinear Forms
Let V be a vertex superalgebra with Virasoro element. Suppose that L1
acts locally nilpotent on V. Fix a nonzero constant l and define the
opposite vertex operator of ¨ g V by
y2 y2 L0U yl z L y1 2 y11Y ¨ , z s Y e yl z ¨ , yl z 2.20 .  .  . /
and the components ¨U of ¨ byn
Y U ¨ , z s ¨U zyny1. 2.21 .  . n
ngZ
If ¨ g V thenp
Lmnq1 1U y2 p 2¨ s l yl ¨ 2.22 .  .n  /m! 2 pynymy2mG0
is a well-defined endomorphism of V and
¨U w g V 2.23 .n qypqnq1
 .for w g V . For a quasiprimary element ¨ g V , Eq. 2.22 reduces toq p
nq1U y2 p 2¨ s l yl ¨ , 2.24 .  .n 2 pyny2
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U y4 2 .nq1 U U Ue.g., v s l yl v . If we define L s v then L sn 2yn n nq1 n
 2 .nyl L . The opposite vertex operators satisfy the following conjuga-yn
w xtion formula 15
elLy1 el
y1 L1 elLy1 Y ¨ , z eyl Ly1 eyly1 L1 eyl Ly1 s Y U ¨ , z . 2.25 .  .  .
It implies that ¨U w s 0 for n big enough. Further properties of oppositen
vertex operators are summarized in the following
PROPOSITION 2.10. Let V be a ¨ertex superalgebra with Virasoro element
such that L acts locally nilpotent. Then for u, ¨ in V and l, m, n in Z.1
nq1U 21 s yl d 2.26 .  .n nq1, 0
U UDu s ynu 2.27 .  .n ny1
Um ¨ u . lqk mqnyk /k0Fk
< < < <k ll u ¨ U U U Us y1 y1 u ¨ y y1 ¨ u . .  .  . 5 nqk lqmyk mqk lqnyk /k0Fk
2.28 .
 .Proof. The equation 1 s d implies 2.26 . Since the operatorsn nq1, 0
 w x.L , L , and L give a representation of sl they satisfy cf. 9y1 0 1 2
L Ln s Ln L y 2nLny1L q n n y 1 Lny1. .y1 1 1 y1 1 0 1
 .Inserting this into 2.22 yields the second equation. The Jacobi identity on
V gives
y12 2 2l z yl rz q l rz y2 y2 L0 1 2 0yl z L y1 21 1d Y e yl z u , yl rz . /1 12 /  /z z l z rz z1 2 0 1 2
=
y2 y2 L0yl z L y1 22 1Y e yl z ¨ , yl rz . /2 2
y12 2 2l z yl z q l rz0 2 1< < < <u ¨y y1 d . 2 /  /z z yl z rz z1 2 0 1 2
=
y2 y2 L0yl z L y1 22 1Y e yl z ¨ , yl rz . /2 2
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=
y2 y2 L0yl z L y1 21 1Y e yl z u , yl rz . /1 1
y12 2 2l yl rz y l z rz z1 0 1 2s y d 2 /  /z yl rz2 2
=
y2 y2 L0yl z L y1 21 1Y Y e yl z u , l z rz z . /1 0 1 2
=
y2 y2 L0yl z L y1 22 1e yl z ¨ , yl rz . .2 2 /
Multiplying both sides with yl2rz z we get1 2
z y z1 2< < < <u ¨ U Uy1y1 z d Y ¨ , z Y u , z .  .  .0 2 1 /z0
z y z2 1 U Uy1y z d Y u , z Y ¨ , z .  .0 1 2 /yz0
z q z y2 y2 L2 0 0y1 yl z L y1 21 1s z d Y Y e yl z u , l z rz z . /1 1 0 1 2 /z1
=
y2 y2 L0yl z L y1 22 1e yl z ¨ , yl rz . 2.29 . .2 2 /
The equations
z 2 L0 Y ¨ , z zy2 L0 s Y z 2 L0 ¨ , z 2 z .  .0 0
y2 Lz L yz L z1yz z .L 01 1 0 1e Y ¨ , z z s Y e 1 y zz ¨ , zr1 y zz .  . .0 0 0
 w x.cf. 9, 15 imply
y2 y2 L 2 L y20 0yl z L y1 y1 l z L2 1 2 1e yl z Y u , z yl z e . .  .2 0 2
y2 y2 L0yl  z qz .L y1 22 0 1s Y e yl z q z u , l z r z q z z .  . . /2 0 0 2 0 2
so that
y2 y2 L0yl  z qz .L y1 22 0 1Y e yl z q z u , l z r z q z z .  . . /2 0 0 2 0 2
=
y2 y2 L0yl z L y12 1e yl z .2
y2 y2 L0yl z L y12 1s e yl z Y u , z . .2 0
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and
z q z y2 y2 L2 0 0y1 yl z L y1 21 1z d Y Y e yl z u , l z rz z . /1 1 0 1 2 /z1
=
y2 y2 L0yl z L y1 22 1e yl z ¨ , yl rz .2 2 /
z q z2 0y1s z d1  /z1
=
y2 y2 L0yl  z qz .L y1 22 0 1Y Y e yl z q z u , l z r z q z z .  . . /2 0 0 2 0 2
=
y2 y2 L0yl z L y1 22 1e yl z ¨ , yl rz .2 2 /
z q z y2 y2 L2 0 0y1 yl z L y1 22 1s z d Y e yl z Y u , z ¨ , yl rz . . /1 2 0 2 /z1
z y z1 0 Uy1s z d Y Y u , z ¨ , z , . .2 0 2 /z2
y1  . . y1  . .where we have used z d z q z rz s z d z y z rz . Putting this1 2 0 1 2 1 0 2
 .into 2.29 gives
z y z1 2< < < <u ¨ U Uy1y1 z d Y ¨ , z Y u , z .  .  .0 2 1 /z0
z y z2 1 U Uy1y z d Y u , z Y ¨ , z .  .0 1 2 /yz0
z y z1 0 Uy1s z d Y Y u , z ¨ , z . . .2 0 2 /z2
Multiplying this equation with z l z mz n and evaluating Res Res Res of0 1 2 z z z2 1 0
this expression gives the last equation of the proposition.
 .Putting l s 0 in 2.28 gives the commutator formula
UmU Uw x¨ , u s y ¨ u . 2.30 .  .m n k. mqnyk /k0Fk
 .Taking ¨ s v and using 2.27 yields
w U x 2 UL , u s yl nu . 2.31 .1 n ny1
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U  .As a consequence we get u 1 s 0 for n G 0. Putting m s 0 in 2.28 givesn
the associativity formula
U < < < <k ll u ¨ U U U U¨ u s y1 y1 u ¨ y y1 ¨ u . 2.32 .  .  .  .  . 5l nqk lyk k lqnykn  /k0Fk
 .A bilinear form , on V is called invariant if
< < < <u ¨ Uu ¨ , w s y1 ¨ , u w 2.33 .  .  .  .n n
 .for n g Z. Note that the invariance condition implies L V , 1 s 0 forn n
n F 1.
1LEMMA 2.11. Let m G 0. Then for p g Z and u, ¨ g Vp2
Lmu ¨ y Lm¨ u g L V q L V . 2.34 . .  .2 pymy1 2 pymy11 1 1 1 y1 y1
 .2 p . < u < <¨ <Proof. This is by induction. Note that y1 y1 s 1 so that
 .formula 2.6 gives
L jy1ju ¨ y ¨ u s y1 ¨ u .2 py1 2 py1 2 py1qjj!jG1
 .which is in L V . This proves the case m s 0. From 2.13 we gety1 y1
w xL , u s 2 p y n q 2 u q L u , 2.35 4 .  .  .1 n nq1 1 n
so that
L u ¨ y L ¨ u .  .2 py2 2 py21 1
s L , u ¨ y L , ¨ u1 2 py2 1 2 py2
s L u ¨ y L ¨ u y u L ¨ q ¨ L u.1 2 py2 1 2 py2 2 py2 1 2 py2 1
 .Using again 2.6 we find yu L ¨ q ¨ L u s yu L ¨ y2 py2 1 2 py2 1 2 py2 1
 .L u ¨ modulo some element in L V . But u L ¨ q1 2 py2 y1 y1 2 py2 1
 .  .  .L u ¨ s L u ¨. This shows that L u ¨ y L ¨ u g1 2 py2 1 2 py2 1 2 py2 1 2 py2
 .  .L V q L V and 2.34 is true for m s 1. Now suppose that 2.34 is1 1 y1 y1
 .true for m y 1. Then by 2.35
Lmu ¨ y Lm¨ u .  .2 pymy1 2 pymy11 1
s m y 1 Lmy 1u ¨ y Lmy 1¨ u .  4 .  .2 pym 2 pym1 1
my 1 my1q L , L u ¨ y L , L ¨ u. .  .2 pymy1 2 pymy11 1 1 1
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The first term is in L V q L V by the induction hypothesis. Thus1 1 y1 y1
 my 1 .we only need to consider the term y L u L ¨ q1 2 py my 1 1
 my 1 .L ¨ L u. L u and L ¨ are in V . Applying the induction1 2 pymy1 1 1 1 py1
hypothesis with m y 2 on these elements shows that this term is also in
L V q L V .1 1 y1 y1
Now we can prove the following
PROPOSITION 2.12. Let V be a ¨ertex superalgebra with Virasoro element
 .such that L acts locally nilpotent and let , be an in¨ariant form on V.1
Then
 .  .1 V , V s 0 for p / qp q
 .  .  .2 u, ¨ s ¨ , u for u, ¨ g V.
 .  . Proof. Let u g V and ¨ g V . Then 0 s L u, ¨ y u, L ¨ s p yp q 0 0
. . Uq u, ¨ since L s L . It is sufficient to prove the symmetry for u, ¨ g V .0 0 p
By Lemma 2.11
Lm Lm1 1U U y2 pu ¨ y ¨ u s l u ¨ y ¨ u y1 y1  5 /  /m! m!2 pymy1 2 pymy1mG0 mG0
 .  .  Uis an element of L V q L V so that u, ¨ y ¨ , u s 1, u ¨ y1 1 y1 y1 y1
U .¨ u s 0.y1
 .  .  .Define a linear functional f : V ª R by f u s 1, u s u, 1 for u g0
V . Let M be the vector space generated by the elements uU ¨ with0 n
u g V , ¨ g V , q y p q n q 1 s 0, and n G 0. Thenp q
 .  U .  U .0 s u 1, ¨ s 1, u ¨ sf u ¨ shows that M is in the kernel of f. We willn n n
now show that
L V s L V q L V s M . 2.36 .1 1 1 1 y1 y1
To do so we will establish L V ; L V q L V ; M ; L V . The first1 1 1 1 y1 y1 1 1
inclusion is clear. The second follows from L V s v V s vU V ; Mn n nq1 n 1yn n
for 1 y n G 0 resp. n F 1. Let u g V , ¨ g V , q y p q n q 1 s 0, andp q
 .n G 0. Then by 2.31
1
U Uw xu ¨ s y L , u ¨n 1 nq12l n q 1 .
1
U Us y L u ¨ y u L ¨ . .1 nq1 nq1 12l n q 1 .
Applying the same argument to uU L ¨ , uU L2 ¨ , . . . we find that uU ¨ isnq1 1 nq2 1 n
in L V since Lk ¨ s 0 for k sufficiently large.1 1 1
The following theorem generalizes a result of Li.
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THEOREM 2.13. Let V be a ¨ertex superalgebra with Virasoro element such
that L acts locally nilpotent. Then the space of in¨ariant bilinear forms on V1
is naturally isomorphic to the dual of V rL V .0 1 1
Proof. We have already shown that an invariant form determines a
functional of V vanishing on L V . Conversely let f be in the dual of0 1 1
V rL V . Let p : V ª V rL V be the natural projection of V on V L V .0 1 1 0 1 1 0 1 1
 U .Then p u ¨ s 0 for u g V , ¨ g V , and p / q. Definey1 p q
u , ¨ s f (p uU ¨ .  .  .y1
 .for u, ¨ g V. Then , is an invariant form on V as we will see. Let
 .  U .u g V , ¨ g V , and w g V . Then u ¨ , w and ¨ , u w are only nonzerop q r n n
if p q q y r s n q 1. Suppose that this relation is satisfied. By the asso-
 .ciativity formula 2.32
U < < < <u ¨ U Uu ¨ y y1 ¨ u .  .n y1 ny1
n< < < <kn u ¨ U U U Us y1 y1 ¨ u y y1 u ¨ .  .  . 5 ky1 nyk k nyky1 /k0Fk
< < < <u ¨ U Uy y1 ¨ u . y1 n
n U Us y y1 u ¨ . 0 ny1
n< < < <kn u ¨ U U U Uq y1 y1 ¨ u y y1 u ¨ , .  .  . 5 ky1 nyk k nyky1 /k1Fk
 .U  . < u < <¨ < U U4  .  . < u < <¨ <so that u ¨ y y1 ¨ u w is in M and u ¨ , w y y1n y1 y1 n n
U U U U< u < <¨ < .   .  . 4 .¨ , u w s 1, u ¨ y y1 ¨ u w s 0.n n y1 y1 n
Two remarks should be made on the constant l. The above results
remain true over the complex numbers. If V is a complex vertex superalge-
bra with Virasoro element such that L is locally nilpotent then the choice1
 .l s i gives nice formulas, e.g., 2.2 simplifies to
Lm1U y2 p¨ s i ¨ 2.37 .n  /m! 2 pynymy2mG0
for ¨ g V . If V is a real vertex algebra, i.e., a real vertex superalgebrap
with V s 0, with Virasoro element such that L is locally nilpotent then1 1
 .2.37 still makes sense and gives the usual definition of opposite vertex
operators. Similar arguments hold in the case that we are only interested
in invariant forms on the even part of a vertex superalgebra.
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2.5. Bosonic Construction
In this section we construct the vertex superalgebra corresponding to an
integral lattice. The momenta of a bosonic string moving on a torus
 .``compactified bosonic string'' lie on a lattice, so that this vertex algebra
can be regarded as the Fock space of such a string.
Let L be an integral lattice of rank d with nondegenerate bilinear form
 :, . We have the coset decomposition
L s L j L0 1
with
< : 4L s a g L a , a g 2Z q i for i s 0, 1.i
We put h s L m R and extend the symmetric form of L to h. Define theZ
infinite dimensional Heisenberg algebra
Ã y1w xh s h m R t , t [ Rc 2.38 .
with products
 :h m , h n s md h , h c, h m , c s 0 2.39 .  .  .  .1 2 mqn , 0 1 2 1
for h , h g h, m, n g Z. Then1 2
Ãy y1 y1w xh s h m t R t 2.40 .
Ã Ãy .is an abelian subalgebra of h, and S h is the symmetric algebra of
Ãypolynomials in h .
w x  a < 4Let R L be the group algebra of L with basis e a g L and products
eae b s eaqb. The vector space
Ãy w xV s S h m R L 2.41 . .
decomposes as
V s V [ V , 2.42 .0 1
where
yÃ w xV s S h m R L . 2.43 . .i i
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Ã Ãy .h acts on V as follows. For 0 - m g Z, k g h, u g S h , a g L let
k m ? u m ea s m ­ u m ea 2.44 .  .  . .kym.
k ym ? u m ea s k ym u m ea 2.45 .  .  .  . .
a  : ak 0 ? u m e s k , a u m e 2.46 .  .  .
c ? u m ea s u m ea . 2.47 .  .
 4Choose a 2-cocycle « : L = L ª "1 satisfying
 :  : :y1 a , b q a , a b , b
« a , b « b , a s y1 . 2.48 .  .  .  .
We can normalize « such that
« 0, 0 s « a , 0 s 1 2.49 .  .  .
and
 . :  :2 .1r2 a , a q a , a« a , a s y1 . 2.50 .  .  .
Define a linear operator « : V ª V for a g L bya
« u m e b s « a , b u m e b. 2.51 .  .  .a
for ¨ s 1 m ea put
z m zym
a a 0.Y ¨ , z s exp a ym e z exp y a m « . .  .  .  a /  /m mmG1 mG1
2.52 .
Ãy .The first and last exponentials act on S h . The middle operators act on
w xR L by
eaz a 0. ? e b s za , b :eaqb . 2.53 .
 .  a .   ..Expression 2.52 is usually abbreviated Y 1 m e , z s : exp ia X z : « .a
 .By 2.49 we have
Y 1 m e0 , z s 1. 2.54 .  .
 . 0For ¨ s k yn y 1 m e and n G 0 we define
n1 d k z .
Y ¨ , z s 2.55 .  . /  /n! dz z
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with
k z s k n zyn . 2.56 .  .  .
ngZ
We now define the bosonic normal ordering for any product of Heisenberg
generators by
: h n ??? h n :s h n ??? h n , 2.57 .  .  .  .  .1 1 r r s 1 s 1 s r s r
where s g S is any permutation such that n F ??? F n . This isr s 1 s r
 .  .equivalent to putting all h n with n - 0 ``creation operators'' to the left
 . aof those with n G 0 ``annihilation operators'' . The operators e commute
 .with h n for n / 0. Define the bosonic normal ordering of any product
a b 0.  .involving operators e , z , and h n to be the rearranged product with
 . a b 0.the h n normally ordered as above and e to the left of all z and all
 .h 0 .
For an element of the form
¨ s h yn ??? h yn m ea 2.58 .  .  .1 1 r r
define
Y ¨ , z s : Y h yn m e0 , z ??? Y h yn m e0 , z Y 1 m ea , z : .  .  .  . .  .1 1 r r
2.59 .
and extend this definition linearly. This gives us a well-defined linear map
Y : V ª End V @ z , zy1 # .
¨ ¬ Y ¨ , z s ¨ zyny1 , ¨ g End V . .  . n n
ngZ
PROPOSITION 2.14. Y pro¨ides V s V [ V with the structure of a ¨ertex0 1
superalgebra. The identity is gi¨ en by 1 m e0. V is simple.
As we will see V even contains a Virasoro element.
 1 d4  4Let h , . . . , h be a basis of h and h , . . . , h be the corresponding1 d
dual basis of h defined by
 i :h , h s d , i , j s 1, . . . , d.j i j
Then the element
d
1 i 0v s h y1 h y1 m e g V 2.60 .  .  . i 02
is1
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 .is independent of the choice of basis of h. Using 2.59 we get
d
1 i ymqn.y2Y v , z s : h m h n : z .  .  .  i2
m , ngZ is1
d
1 i yky2s : h m h k y m : z .  .   i2
kgZ mgZ is1
s L zyky2 , k
kgZ
where we have defined
d
1 iL s v s : h ym h k q m : . 2.61 .  .  . k kq1 i2
mgZ is1
Note that v s L 1. The operator identityy2
k m , L s mk m q n . 2.62 .  .  .n
w ximplies that the L form a Virasoro algebra of central charge d 16 .n
Taking n s y1 we find
d
Y L ¨ , z s Y ¨ , z 2.63 .  .  .y1 dz
 .  . aso that L s D. Now let ¨ s h yn ??? h yn m e . Theny1 1 1 r r
1 2L ¨ s n q ??? qn q a ¨ . 2.64 . .0 1 r 2
Putting this together gives
PROPOSITION 2.15. v is a Virasoro element in V.
 .Equation 2.64 shows that the spectrum of L is in general unbounded0
and that the eigenspaces of L may be infinite-dimensional.0
 .  .Let y g V and x s k yn y with n ) 0, k g h. Then iterating 2.62
gives
q
q nq pL x s q y p !k y n y q y p L y. 2.65 4 .  .  . .1 1q y p / /p
ps0
It follows
PROPOSITION 2.16. L is locally nilpotent on V.1
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Proof. Let y s ea. Then L y s 0. We now prove by induction on m1
 .  . a jthat for x s k yn ??? k yn m e there is a j such that L x s 0. Ifm m 1 1
 . a n1  . a  : a  .x s k yn m e then L x s n !k 0 e s n ! k , a e by 2.65 and1 1 1 1 1 1
n1q1  .  . aL x s 0. Now let x s k yn ??? k yn m e and put y sm m 1 1
 .  . a  .k yn ??? k yn m e such that x s k yn y. By inductionmy 1 my1 1 1 m m
hypothesis there is a j such that L j y s 0. If we choose q such that
q .q y j ) n then 2.65 shows that L x s 0.m 1
We consider some examples. Directly from the definition we get
k y1 s k n 2.66 .  .  .n
for k g h and n g Z. We will also need
1 m ea 1 m e b s « a , b S a m eaqb 2.67 .  .  .  .  .n yny1ya , b :
 .   .  .  ..for n g Z, a , b g L. Here S a s S a y1 , a y2 , . . . , a ym de-m m
notes the Schur polynomial which is defined by the generating function
z n
mexp a yn s S a y1 , a y2 , . . . , a ym z , .  .  .  . .  m /nnG1 mG0
2.68 .
for example,
S a s 0 for m - 0 2.69 .  .m
S a s 1 2.70 .  .0
S a s a y1 . 2.71 .  .  .1
Now the product is calculated as
Y 1 m ea , z 1 m e b .  .
z m zym
a a 0.s exp a ym e z exp y a m « 1 m b .  .  .  a /  /m mmG1 mG1
z m
aqb a , b :s « a , b exp a ym e z .  . /mmG1
s « a , b S a eaqb z mqa , b : . .  . m
mG0
VERTEX ALGEBRAS 383
yny1  a .  b .The coefficient of z on the left hand side is 1 m e 1 m e and onn
 .  . aqb  .the right hand side « a , b S a m e . This proves 2.67 .yny1ya , b :
Y h y1 m ea , z 1 m e b .  . .
s : Y h y1 m e0 , z Y 1 m ea , z : 1 m e b .  . .
z m
yny1 a a 0.s : h n z exp a ym e z .  .  /mngZ mG1
=
zym
bexp y a m « : 1 m e . a /mmG1
z m
yny1 a a 0. bs : h n z exp a ym e z « : 1 m e .  .  a /mngZ mG1
s : h 0 zy1 S a z m eaz a 0.« : 1 m e b .  . m a /
mG0
q : h yn z ny1 S a z m eaz a 0.« : 1 m e b .  .  m a /
nG1 mG0
 : mqa , b :y1s « a , b S a h , b z .  . m
mG0
q S a h yn z mq nqa , b :y1 eaqb . .  .  m 5
nG1 mG0
  . a .  b . yky1h yn m e 1 m e is the coefficient of z in this expression.k
Hence
a b  :h yn m e 1 m e s 0 for a , b y 1 G yk . 2.72 .  .  . . k
In the other cases we get
h yn m ea 1 m e b .  . . k
 :s « a , b h , b S a .  .ykya , b :
 : aqbq S a h k q a , b q m e . 2.73 .  . . m 5
mG0
2.6. Fermionic Construction
This construction is similar to the bosonic construction. Here we will
work with the exterior algebra instead of the symmetric algebra since
fermions are anticommuting.
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Let A be a finite-dimensional real vector space of dimension d with a
 :nondegenerate symmetric bilinear form , . We define the infinite-di-
mensional Heisenberg superalgebra
Ã y1 1r2w xA s A m R t , t t [ Rc 2.74 .
with even part
ÃA s Rc 2.75 .0
and odd part
y1 1r2Ã w xA s A m R t , t t 2.76 .1
and products
 :a m , b n s a, b d c 2.77 .  .  .mq n , 0q
w xa m , c s c, c s 0. 2.78 .  .
Then
Ãy y1 y1r2w xA s A m R t t 2.79 .
Ã Ãy .is an anticommuting subalgebra of A, and V s n A the exterior
Ãyalgebra of A . Let
n yÃV s H A 2.80 . .[0
ng2Z
nG0




V s V [ V . 2.82 .0 1
ÃA acts canonically on V by
a n ? ¨ s ­ ¨ 2.83 .  .ayn.
a yn ? ¨ s a yn ¨ 2.84 .  .  .
c ? ¨ s ¨ 2.85 .
1Ãfor all a g A, ¨ g V, and n ) 0, n g Z q . Here the operator ­ isayn.2
defined by
­ 1 s 0 2.86 .ayn.
 :­ b ym s a, b d 2.87 .  .ayn. m n
< <¨
­ ¨w s ­ ¨ w q y1 ¨ ­ w . 2.88 .  .  . .  .ayn. ayn. ayn.
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0 yÃ .For 1 g R s H A ; V put0
Y 1, z s 1. 2.89 .  .
For a g A, 0 F n g Z let
n1 1 d a z .
Y a yn y , z s , 2.90 .1r2 /  /  / /2 n! dz z
where
a z s a m zym . 2.91 .  .  .
mgZq1r2
We define the fermionic normal ordering
( (a n ??? a n s sgn s a n ??? a n 2.92 .  .  .  .  .  .( 2 1 r r ( s 1 s 1 s r s r
1for a , . . . , a g A, n , . . . , n g Z q , where s g S is any permuta-1 r 1 r r2
tion such that n F ??? F n . Note thats 1 s r
( ( ( (a n a n s y a n a n . .  .  .  .( 1 1 2 2 ( ( 2 2 1 1 (
For 0 F n , . . . , n g Z and1 r
1 1¨ s a yn y ??? a yn y 2.93 . .  .1 1 r r2 2
define
1 1( (Y ¨ , z s Y a yn y , z ??? Y a yn y , z . 2.94 .  . .  . .  .( 1 r (2 2
As in the bosonic case this gives us a well-defined linear map
Y : V ª End V @ z , zy1 # .
¨ ¬ Y ¨ , z s ¨ zyny1 , ¨ g End V .  . n n
ngZ
and
PROPOSITION 2.17. Y pro¨ides V s V [ V with the structure of a ¨ertex0 1
superalgebra. V is simple.
 1 d4It is easy to see that V contains a Virasoro element. Let b , . . . , b be a
 4basis of A and b , . . . , b the corresponding dual basis. The element1 d
d
1 3 1iv s b y b y 2.95 . .  . i2 2 2
is1
NILS R. SCHEITHAUER386
is independent of the choice of basis of A. Writing
d
1 3 1 3 1i iv s b y b y q b y b y .  .  .  . . i i4 2 2 2 2
is1
gives
Y v , z .
d
1 3 1 3 1i is Y b y b y , z q Y b y b y , z .  .  .  . .  . . i i4 2 2 2 2
is1
d
1 1 i ymqn.y2( (s y m q b m b n z .  . .  ( i (4 2
1is1 m , ngZq 2
1 i ymqn.y2( (q n q b n b m z .  . . ( i (2 /
m , ngZq1r2
d
1 i ymqn.y2( (s y m y n b m b n z .  .  .  ( i (4
is1 m , ngZq1r2
d
1 k i yky2( (s n y b k y n b n z .  . .   ( i (2 2
is1 kgZ ngZq1r2
d
1 k i yky2( (s n q b yn b k q n z .  . .   ( i (2 2
is1 kgZ ngZq1r2




1 k i( (L s v s n q b yn b k q n . 2.96 .  .  . .k kq1 ( i (2 2
is1
From the operator identity
n
a m , L s m q a m q n 2.97 .  .  .n  /2
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follows that the L form a Virasoro algebra of central charge c s dr2 cf.n
w x.  .  .  .16, p. 29f . Let ¨ s a ym ??? a ym , m ) 0, a g A. Then 2.971 1 r r i i
w xyields 8
d
Y L ¨ , z s Y ¨ , z 2.98 .  .  .y1 dz
and
L ¨ s m q ??? qm ¨ 2.99 .  .0 1 r
so that
PROPOSITION 2.18. v is a Virasoro element in V.
 .Formula 2.99 has some important consequences. It shows that the Vn
are finite-dimensional, V s R1, and V s 0 for n - 0. This implies that0 n
L is locally nilpotent on V.1
We will need the formulas
1 1a y s a n q 2.100 . .  .2 2n
1 1 1 1a y b y s a m q b n y m y .  .  .  . . 2 2 2 2n
2mFny1
1 1y b n y m y a m q . 2.101 . .  . 2 2
2m)ny1
The first one follows directly from the definition.
1 1 1 1ym y1 yky1( (Y a y b y , z s a m q z b k q z .  .  .  . .  ( (2 2 2 2
mgZ kgZ
1 1 y kqmq1.y1( (s a m q b k q z .  . ( (2 2
k , mgZ
1 1 yny1( (s a m q b n y m y z .  .  ( (2 2
ngZ mgZ
so that
1 1a y b y .  . .2 2 n
1 1s a m q b n y m y .  . 2 2
2mFny1
1 1y b n y m y a m q . .  . 2 2
2mGny1
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3. THE VERTEX SUPERALGEBRA OF THE
COMPACTIFIED NEVEU]SCHWARZ SUPERSTRING AND
LIE ALGEBRAS
In this section we introduce the vertex superalgebra of the compactified
Neveu]Schwarz superstring and study related Lie algebras. For physical
w xbackground consider 11 .
3.1. Definition and Some Properties
Let L be an integral nondegenerate lattice of rank d and a m, 1 F m F d,
mn  m n :a basis of h s L m R. Define the matrix h s a , a with inverseZ
h , i.e., h mnh s d m. Denote the bosonic vertex superalgebra correspond-kl nl l
ing to L by V .b o s
Let A be an isomorphic copy of h provided with the same nondegener-
 : mate bilinear form , and with basis b , 1 F m F d. The fermionic vertex
superalgebra constructed from A is called V .f er m
The vertex superalgebra of the compactified Neveu]Schwarz superstring
is defined to be
V s V m V . 3.1 .f er m b o s
V is simple since V and V are. The even part of V isf er m b o s
n y yÃ Ã w xV s H A m S h m R L .  .[0 0
ng2Z
nG0
n Ãy Ãy w x[ H A m S h m R L 3.2 . .  .[ 1
ng2Zq1
nG0
and the odd part
n y yÃ Ã w xV s H A m S h m R L .  .[1 0
ng2Zq1
nG0
n Ãy Ãy w x[ H A m S h m R L . 3.3 . .  .[ 1
ng2Z
nG0
v s 1 m v q v m 1 is a Virasoro element in V. The correspondingb o s f er m
Virasoro operators are given by
L s Lb o s q L f er m 3.4 .m m m
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with
1b o sL s : a yn ? a m q n : 3.5 .  .  .m 2
ngZ
1 1f er m ( (L s r q m b yr ? b m q r , 3.6 .  .  . .m ( (2 2
1rgZq 2
 .  . m . n  .where we have written a yn ? a m q n for h a yn a m q n andmn
analogous for b.
 .  .  .  . aLet ¨ s a r ??? a r m h n ??? h n m e with a g A, h g h1 1 p p 1 1 q q i j
and a g L be in V. Then
1 2L ¨ s r q ??? qr q n q ??? qn q a ¨ . 3.7 . .0 1 p 1 q 2
Furthermore
1 .  .PROPOSITION 3.1. t s b y ? a y1 g V is a Ne¨eu]Schwarz ele-12
3ment of central charge d.2
Proof. The vertex operator of t is
1Y t , z s Y b y , z ? Y a y1 , z .  . . . .2
s h b m r zyry1r2 a n n zyny1 .  . mn  / /
rgZq1r2 ngZ
s h a n n b m r zy rqn.y3r2 .  . mn
rgZq1r2 ngZ
s G zyry3r2 r
rgZq1r2
with
G s t s a yn ? b r q n . 3.8 .  .  .r rq1r2
ngZ
Note that t s G 1.y3r2
Furthermore
1 1t t s G t0 y1r22 2
1 1 1s a yn ? b n y b y ? a y1 .  . .  .2 2 2 /
ngZ
1 1 3 1s 1 m a y1 a y1 q b y b y m 1 .  .  .  .2 2 2 2
s 1 m v q v m 1.b o s f er m
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1It is well known that the operators L , n g Z, and G , r g Z q give an r 2
3 representation of the Neveu]Schwarz algebra with central charge d cf.2
w x.11, Vol. 1, p. 204 .
We decompose V in V s Vq[ Vy where
q n Ãy Ãy w xV s H A m S h m R L .  .[ 1
ng2Zq1
nG0
n Ãy Ãy w x[ H A m S h m R L 3.9 . .  .[ 0
ng2Zq1
nG0
is the subspace of V with an odd number of fermionic oscillator excita-
tions and
y n Ãy Ãy w xV s H A m S h m R L .  .[ 0
ng2Z
nG0
n Ãy Ãy w x[ H A m S h m R L 3.10 . .  .[ 1
ng2Z
nG0
the subspace with an even number of fermionic oscillator excitations.
Define the GSO-projection G on V by putting G s q1 on Vq and
y  .G s y1 on V . It is easy to see that G commutes with the operators k n ,
 .k g h, n g Z, and anticommutes with the operators a r , a g A, r g Z
1q , so that2
w x w xG, L s G, G s 0 3.11 .n r q
1for all n g Z and all r g Z q . This implies2
L V "; V " and G V "; V .. 3.12 .n r
Finally
Vq Vq ; Vy 3.13 .  .  .n
Vq Vy ; Vq 3.14 .  .  .n
Vy Vy ; Vy 3.15 .  .  .n
Vy Vq ; Vq. 3.16 .  .  .n
3.2. Physical States and Lie Algebras
1 < 4P s ¨ g V L ¨ s ¨ , L ¨ s G ¨ s 0 for all m, r ) 0 is called the1r2 0 m r2
space of physical states of the compactified Neveu]Schwarz superstring.
We will give some examples for physical states and calculate their vertex
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< : k 2operators. The state k s 1 m 1 m e with k s 1 is a ground-state
1 1 . < :  .tachyon. The first excited state is the massless vector z y k s z y2 2
m 1 m ek of polarisation z g A and momentum k 2 s 0. The condition
1 . < :  :G z y k s 0 implies that z , k s 0 for this state to be physical.1r2 2
We have already seen that the physical states form the Lie algebra
1< :  . < :G P rDP . The vertex operator of G k s k y k is giveny1r2 1r2 0 y1r2 2
by
< <?yry1r2 i k X  z .< :Y G k , z s k r z : e : « y1 3.17 .  .  . . y1r2 k /
rgZq1r2
w xwhich is in agreement with the expression in 11 . Note the sign oper-
ator acting on the fermionic part. For the first excited state we obtain
1 1 1 . < :   .  .  .. < :G z y k s z y1 y z y k y k andy1r2 2 2 2
1 < :Y G z y k , z . .y1r2 2
s : z m zymy1 eik X  z . : « . k /
mgZ
( yry1r2y z r z .(  /
rgZq1r2
= ysy1r2 ( i k X  z .k s z : e : « . 3.18 .  . ( k /
sgZq1r2
w xAgain this coincides with the result in 11 .
We now can calculate some products in the Lie algebra G s
< :G P rDP . Let k be a ground-state tachyon. Theny1r2 1r2 0
1 k yk< : < :G k y k s k y m 1 m e 1 m 1 m e .  .  . . . . .y1r2 2 00
1 k yks k y 1 m 1 m e 1 m e .  . . yny12 n
ngZ
1 0s k n q 1 m « k , yk S k e .  . . nq12
ngZ
1 < :s « k , yk k y 0 .  .2
and
1< : < : < :G k , G y k s yG k y 0 . 3.19 . .1r2 y1r2 y1r2 2
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1 . < :Let z y 0 be an excited state of zero momentum. Then2
1 < : < :G z y 0 k . . .y1r2 2 0
s 1 m z y1 m 1 1 m 1 m ek .  . . .  .0
s 1 1 m z y1 m 1 1 m ek .  . . yny1n
ngZ
s 1 m z y1 m 1 1 m ek .  . . 0
s 1 m z 0 1 m ek .  .
 : < :s z , k k
and
1 < : < :  : < :G z y 0 , G k s z , k G k . 3.20 . .y1r2 y1r2 y1r22
Furthermore
1 1< : < :G z y 0 z y 0 .  . . .y1r2 2 20
1 0s 1 m z y1 m 1 z y m 1 m e .  . . .  . .0 2




1 1< : < :G z y 0 , G j y 0 s 0. 3.21 . .  .y1r2 y1r22 2
V is L-graded by construction
V s V a , 3.22 .[
agL
where
a n Ãy Ãy aV s H A m S h m e . 3.23 . .  .[
nG0
Using the fact that the Neveu]Schwarz operators leave the spaces V a
invariant it is easy to see that the subspaces V and P are also L-graded,n n
i.e., V s [ V a where V a s V l V a and analogous for P . If T is an n n n na g L
Neveu]Schwarz operator then the spaces TV are L-graded and TV l V an n
 .a a  a .s TV s TV s T V l V . The same holds for the P .n n n n
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It follows
G s Ga 3.24 .[
agL
with
a aa aG s G P r DP s G l V . 3.25 .  . .y1r2 1r2 0
From the definition of the vertex operators we see
V a V b ; V aqb 3.26 .  .  .n
so that
w a b x aqbG , G ; G . 3.27 .
 < 4We now can embed a Kac]Moody algebra into G. Let P s k i g I be ai
subset of L satisfying
 .  :1 k , k s 1 for all i g Ii i
 .  :2 k , k F 0 for all i / j.i j
 .3 P is linearly independent in L s L m R.R Z
Note that P is necessarily finite. We can choose nontrivial P for
example if L is the odd Lorentzian lattice I . For i, j g I definen, 1
 :a s 2 k , k 3.28 .i j i j
1 < :h s 2G k y 0 3.29 . .i y1r2 i 2
’ < :e s 2 G k 3.30 .i y1r2 i
’ < :f s y 2 G y k . 3.31 .i y1r2 i
PROPOSITION 3.2. The elements e , f , and h generate the Kac]Moodyi i i
 .  .algebra g A corresponding to the matrix A s a .i j
Proof. We have already established the relations
h , h s 0i j
h , e s a ei j i j j
h , f s ya fi j i j j
w xe , f s h .i i i
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Let i / j. Then
< : < :e , f s y2 G k , G y ki j y1r2 i y1r2 j
1 1k yki js 2 k y m 1 m e k y m 1 m e .  . .  . .  .i j2 20
1 1 k yki js y2 k y k y m 1 m e 1 m e .  . .  . yny1i j2 2n
ngZ
1 1 k yki js y2 k n q k y m « k , yk S k e . . .  . i j i j nqk , k : i2 2 i j
ngZ
 : k iyk js y2« k , yk k , k S k e . .i j i j k , k : ii j
s 0
 :since k , k F 0. Finally we must prove the Serre relationsi j
1ya 1yai j i jad e e s ad f f s 0 for i / j. .  .i j i j
 .n  .nad e e can be written as ad e e s G x modulo DP where x isi j i j y1r2 0
some element in P which is of degree nk q k with respect to the1r2 i j
1 2 .L-grading. Thus the L -eigenvalue of x is greater or equal to nk q k0 i j2
1 1 12 2  : .  .s n q 2n k , k q 1 . If n q na q 1 ) then x must be zero.i j i j2 2 2
 .nWe conclude that ad e e s 0 for n ) ya resp. n G 1 y a . The proofi j i j i j
of the other Serre relation is analogous.
With the help of the GSO-projection we construct another subalgebra of
G. Put
1" "P s P l V for n g Z. 3.32 .n n 2
Let x s xqq xy, x "g V " be in P . Then L xqq L xys nxqq nxy andn 0 0
by applying G on this equation L xqy L xys nxqy nxy so that L x "s0 0 0
nx ". For r ) 0 we have G xqq G xys 0 and yG xqq G xys 0 byr r r r
applying G. Thus G x "s 0. This shows x "g P" andr n
P s Pq [ Py . 3.33 .n n n
We now prove
PROPOSITION 3.3. G Pq rDPy is a subalgebra of G P rDP .y1r2 1r2 0 y1r2 1r2 0
q  . q qProof. Let u, ¨ g P . Then G u ¨ is in P l V s P and1r2 y1r2 0 1r2 1r2
G u G ¨ s G G u ¨ .  .  . .y1r2 y1r2 y1r2 y1r20 0
 q .  q .  q .implies that G P G P ; G P . It remains to showy1r2 1r2 0 y1r2 1r2 y1r2 1r2
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that G Pq l DP s DPy. G Py is a subspace of P sincey1r2 1r2 0 0 y1r2 0 1r2
G P is. But G Py is also in Vq. Thus G Py ; Pq andy1r2 0 y1r2 0 y1r2 0 1r2
y  q .G P ; G P l P . It followsy1r2 0 y1r2 0 1r2
DPy s G G Py ; G G P l Pq .0 y1r2 y1r2 0 y1r2 y1r2 0 1r2
; G G P l G Pqy1r2 y1r2 0 y1r2 1r2
s DP l G Pq .0 y1r2 1r2
q q  q y.On the other hand G P l DP s G P l DP [ DP sy1r2 1r2 0 y1r2 1r2 0 0
q y y " " q yG P l DP ; DP since DP ; V and G P ; V .y1r2 1r2 0 0 0 y1r2 1r2
Gqs G Pq rDPy is the Lie algebra of GSO-projected states.y1r2 1r2 0
We will need 2 further propositions. The first one is the following
 .PROPOSITION 3.4. There is a symmetric in¨ariant bilinear form , on G
satisfying
 .  .  .1 The adjoint of k n , k g h, n g Z is gi¨ en by yk yn
1 .  .  .2 The adjoint of z r , z g A, r g Z q is yz yr2
 .  k l.3 e , e s yd for k, l g L.kq l, 0
Proof. We will construct an invariant form on V that projects down to
an invariant form on G with the above properties.
Since L is locally nilpotent on V and on V it is locally nilpotent1 f er m b o s
on V s V m V and we can apply the results of Subsection 2.4. V 0 isf er m b o s 1
1 1 .  .  .generated by elements of the form k y1 q z y j y , k g h, z , j g2 2
 .0 0  .0A, so that L V s L V s 0 and R1 l L V s R1 l L V s 0. Hence1 1 1 1 1 1 1 1
the dual of V rL V is nontrivial. Define a linear functional on V rL V0 1 1 0 1 1
 .by putting f 1 q L V s y1. We have seen that f induces an invariant1 1
 .form , on V depending on a constant l. We will choose l s i and
perform the following calculations in the complexification V s C m V.C R
Note that this bilinear form is real valued on V . Recall the definition of0
the opposite vertex operator
Lm1U y2 p¨ s i ¨n  /m! 2 pynymy2mG0
for ¨ g V . For a quasiprimary state ¨ g V this reduces top p
¨U s iy2 p¨ .n 2 pyny2
For example,
LU s vU s v s L .n nq1 ynq1 yn
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 .  .U  .ULet k g h. Then k y1 is quasiprimary and k n s k y1 sn
 .  .  .  .  .Uyk y1 s yk yn since k n s k y1 . Analogous we find z r2yny2 n
U 1k yk , k: k .  .  .s yiz yr and e s i e for z g A, r g Z q andy1 k , k:y1 2
 k l.  :k g L. Next we show that e , e s 0 if k q l / 0. First let k, k q l s 0.
Then
ek , el s ek 1, el .  . .y1
Uk ls 1, e e . .y1
s iy k , k: 1, ek el . . :k , k y1
s « k , l iy k , k: 1, S k ekq l .  . .y k , kql:
s « k , l iy k , k: 1, ekq l .  .
s « k , l iy k , k: f p ekq l .  . .
s 0.
 :  : k l.   . k l.  k  . l.If k, k q l / 0 then k, k e , e s k 0 e , e s y e , k 0 e s
 : k l.  : k l.  k l.y k, l e , e so that k, k q l e , e s 0 and e , e s 0. Finally
ek , eyk s « k , yk iy k , k: 1, S k e0 .  .  . .0
s « k , yk iy k , k: 1, 1 .  .
s y« k , yk iy k , k: . .
 .If we compensate the sign convention in the definition 2.33 of an
invariant form in the definition of the adjoint operator then it is easy to
 .check that the restriction of , to V has the properties stated in the0
 .proposition. We are done when we have shown that , gives a well-de-
 .  .fined form on G. Let u g P and ¨ g P . Then u, D¨ s L u, ¨ s 0 as1 0 1
desired.
The proposition implies that
Ga , G b s 0 if a q b / 0. 3.34 .  .
r yr .   ..  .Define an involution u of V by u e s e , u k yn s yk yn and0
  ..  .  .  .u z yr s yz yr . Since , is u-invariant the bilinear form , 0
 .   ..defined by x, y s y x, u y for x, y g V is a symmetric bilinear form0 0
k l .  .on V . It satisfies e , e s d for k, l g L. The adjoint of k n , k g h, n0 0 k , l
 .g Z with respect to this form is given by k yn and the adjoint of
1 .  .  .  .z r , z g A, r g Z q is z yr . Note that , and , have the same02
 .kernel so that , gives us another symmetric bilinear form on G. It is0
the bilinear form we know from string theory.
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1 .   . < 4The vector space G A y s z y1 z g A is isomorphic to Ly1r2 R2
1 1 .   . .s L m R. Let H s G A y r G A y l DP be the imageZ y1r2 y1r2 02 2
1 1 0 0 0 .  .  .of G A y in G. Since G A y ; V and DP s DP sy1r2 y1r2 0 02 2
1 10 0 4  .  .D R1 m e s 0 we have G A y l DP s G A y l DP sy1r2 0 y1r2 02 2
0 so that H is still isomorphic to L . We have already seen that H is anR
 .  :abelian subalgebra of G. The restriction of , to H is equal to , .
10 0 0 0 0 .  .  .From P s A y and DP s 0 we get G s G P r DP s1r2 0 y1r2 1r2 02
10 0  .G P rDP s G A y s H. We will denote an element in Hy1r2 1r2 0 y1r2 2
by the corresponding element in L .R
PROPOSITION 3.5. Let ¨ g Ga be an element of degree a g L. Then
w xh , ¨ s h , a ¨ for all h g H . 3.35 .  .
a   a ..Proof. ¨ g G can be represented by G a m b m e where a gy1r2
V and b m ea g V . First suppose that a is homogeneous. Thenf er m b o s
1 aG h y a m b m e . . . .y1r2 2 0
s 1 m h y1 m 1 a m b m ea .  . .  . . 0
s 1 a m h y1 m e0 b m ea .  . . n yny1
ngZ
s a m h y1 m e0 b m ea .  . .0
 : as a m h , a b m e . .
By linearity this holds for arbitrary a. Thus
1 aw xh , ¨ s G h y G a m b m e . . .  . .y1r2 y1r22 0
1 as G G h y a m b m e . . . . /y1r2 y1r2 2 0
s h , a ¨ . .
Note that the last 2 propositions also hold for the subalgebra Gq of G.
3.3. The Lorentzian Case
In this subsection we will consider the special case that L is a Lorentzian
lattice. It is of special interest since then the quotient of G resp. Gq by
the kernel of the invariant form constructed above is a generalized
Kac]Moody algebra which is not true for arbitrary lattices.
Let us assume from now on that L is a Lorentzian lattice.
We will use the following characterization of generalized Kac]Moody
w xalgebras due to R. E. Borcherds 5 .
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THEOREM 3.6. Any Lie algebra G satisfying the following fi¨ e conditions
is a generalized Kac]Moody algebra.
 .1 G has a nonsingular in¨ariant symmetric bilinear form.
 .2 G has a selfcentralizing subalgebra H such that G is the sum of the
eigenspaces of H and all the eigenspaces are finite-dimensional.
 .3 The bilinear form restricted to H is Lorentzian.
 .4 The norms of the roots of G are bounded abo¨e.
 .5 If two roots are positi¨ e multiples of the same norm 0 ¨ector then
their root spaces commute.
 .Let I be the kernel of the bilinear form , constructed above. Since
 ., is invariant, I is an ideal in G. We will show that the quotient
G s GrI 3.36 .
satisfies the five conditions of the theorem. Note that an element in G can
be written as x q I where x is in G P . I is L-graded, i.e.,y1r2 1r2
I s I a with I a s I l Ga . 3.37 .[
agL
In order to prove this let x s  x a i with x a i g Ga i be in I. We haveig I
a j  a a j.got to show that x , j g I, is already in I. Since G , x s 0 for all
 ya j a j.a / ya it is enough to show that G , x s 0. But this follows fromj
 ya j .  ya j a i.  ya j a j.0 s G , x s  G , x s G , x .ig I
Thus G is also naturally L-graded
a a a aG s G with G s G rI 3.38 .[
agL
and
a b aqbG , G ; G . 3.39 .
a a yaThe vector spaces G are finite-dimensional by construction. G and G
are isomorphic.
a 4An element a g L R 0 for which G is nontrivial is called a root of G
aand the corresponding G is called a root space. The norm of a is given
2 a ya a .  .by a , a s a . , pairs nondegenerately G and G . Since G and
yaG are of the same finite dimension this pairing is even nonsingular.
 .Thus G satisfies the first condition of Theorem 3.6 .
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 .The image H of H in G is isomorphic to H since , is nondegenerate
0on H. Furthermore H s G and
aG s H [ G . 3.40 .[
a/0
aThe spaces G are finite-dimensional eigenspaces of H by Proposition
a i .3.5 . We now show that H is selfcentralizing. Let x s h q  x withig I
Xa ai i w xx g G , a / 0, and h g H be in the centralizer of H. Then 0 s h , xi
X X Xa a ai i jw x  .s  h , x s  h , a x for all h g H. If some x are nonzeroig I ig I i
X X .they are linearly independent and h , a s 0 for all h g H. But this isj
 . a jimpossible by the nondegeneracy of , . Thus all x are zero and x is in
H.
 .  :Clearly the restriction of , to H is Lorentzian since , is.
The norms of the roots are integer and bounded above by 1.
Finally we have
LEMMA 3.7. Let two roots be positi¨ e multiples of the same norm 0
¨ector. Then their root spaces commute.
m r .Proof. Let r g L be of norm zero, i.e., r, r s 0, and let x g G and
1nr m r .y g G with m, n ) 0 be nonzero. Then x s G a y e and y sy1r2 2
1 nr .  .G b y e modulo I. The physical state condition implies a, r sy1r2 2
 .b, r s 0.
1 1m r nrG a y e b y e .  . . .y1r2 2 20
1 1 1m r nrs a y1 y ma y r y e b y e .  .  .  . .  . .2 2 20
1 1 1 1m r nr m r nrs a y1 e nb y e y m a y r y e b y e . .  .  .  .  . .  .  .0 2 2 2 20
1 m r nrs 1 b y m a y1 e e .  . . . yiy1i 2
igZ
1 1 1 m r nry m a y r y b y m e e .  . .  .  . yiy12 2 2i
igZ
1 m r nrs b y m a y1 e e .  . . . 02
1 1 1 mqn. ry m a y r y b y m « mr , nr S mr e . .  . .  .  . i2 2 2i
iG0
 .Using 2.73 we find
a y1 em r enr s 0. .  . . 0
1 1 1 .  .  .  .The products a y r y b y can be calculated by 2.101 . Termsi2 2 2
with i G 1 vanish and
1 1 1 1a y r y b y s y a, b r y . . .  .  .  .2 2 2 20
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Thus
1 1 1m r nr mqn. rG a y e b y e s m« mr , nr a, b r y e .  . .  .  . . .y1r2 2 2 20
m
mqn. rs « mr , nr a, b G e . .  . y1r2m q n
It is easy to check that
L emqn. r s G emqn. r s G emqn. r s 00 1r2 3r2
so that emqn. r g P . Hence0
1 1m r nrw xx , y s G a y e G b y e .  . .  .y1r2 y1r22 20
1 1m r nrs G G a y e b y e .  . . . /y1r2 y1r2 2 20
m
mqn. rs « mr , nr a, b De .  .
m q n
s 0 mod DP . .0
We have proven the following
THEOREM 3.8. G is a generalized Kac]Moody algebra. The Cartan subal-
gebra H is isomorphic to L m R. The roots ha¨e integer norms boundedZ
abo¨e by 1.
q qThe same arguments hold for G s G rI. We can be more precise on
qthe norms of the roots. The roots of G have even norms bounded above
by 0. Thus
qTHEOREM 3.9. G is a generalized Kac]Moody algebra with Cartan
qsubalgebra H isomorphic to L m R. G has only imaginary roots of e¨enZ
norm.
In the case that L is a Lorentzian lattice with rank less than or equal to
10 we can calculate the multiplicities of the roots from the ``no-ghost-
w x  .theorem'' 12 . Define numbers c n byd
dmy1r2`1 1 q q
nc n q s . 3.41 .  . d m /1 y q’q ms1
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The first nonzero coefficients are
1c y s 1 .d 2
c 0 s d .i
d1c s d q .d 2  /2
d2c 1 s d q d q .d  /3
d d d3 2c s 2 d q d q d q q . .d 2  /  /  /2 2 4
 .First let the rank d of L be smaller than or equal to 9. Then , is0
 .positive definite on G and the kernel of , in G is trivial. For a root a
a a a awe have dim G s dim G s dim P y dim P since G is injective1r2 0 y1r2
1a a 2 .on P and D is injective on P . Furthermore dim P s c y a1r2 0 1r2 dy1 2
1a 2  ..and dim P s c y 1 q a so that0 dy1 2
1 1a 2 2dim G s c y a y c y 1 q a . 3.42 .  . .  .dy1 dy12 2
qThe same formula holds for the roots of G . We summarize this in
THEOREM 3.10. Let L be a Lorentzian lattice of rank 2 F d F 9. Then G
q qand G are generalized Kac]Moody algebras. The roots of G resp. G are the
 4 2 2 2a g L R 0 with a F 1 resp. a g 2Z and a F 0. In both cases the
1 12 2 .   ..multiplicity of a root a is gi¨ en by c y a y c y 1 q a .dy1 dy12 2
 .If L is a 10-dimensional Lorentzian lattice then the kernel of , is
a .nontrivial. Denote the kernel of , by I . Then I s I and dim G s0 0 0
dim Pa rI a.1r2 0
THEOREM 3.11. Let L be a 10-dimensional Lorentzian lattice. Then G
q qand G are generalized Kac]Moody algebras. The roots of G resp. G are the
 4 2 2 2a g L R 0 with a F 1 resp. a g 2Z and a F 0. In both cases the
1 2 .multiplicity of a is gi¨ en by c y a .8 2
 .The asymptotic behaviour of c n can be calculated by the methods8
w x w xdescribed in 6 or 11 . We find
’y15r4 y11r4 2p 2 nc n ; 2 n e . 3.43 .  .8
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 . nNote that if n is an integer then c n is equal to the coefficient of q in8
8m` 1 q q
8  m /1 y qms1
by Jacobi's ``rather obscure formula.''
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